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Abstract
Dry friction is widely incorporated in turbomachinery, in the form of under-
platform dampers, to limit vibrations at resonance and reduce risks of high-
cycle fatigue failures. Most of the test rigs that have been used to investigate
the behavior of under-platform dampers aim at evaluating the damper per-
formance in terms of reduction of forced-response amplitude in blades. This
approach could be insufficient to understand local nonlinearities of the con-
tact and the influence of dampers on blade dynamics. A newly developed test
rig provides the authors with an unprecedented set of information. It is ca-
pable to measure contact forces and relative displacements between dampers
and blade in addition to the overall blade dynamic response. This controlled
environment, together with an effective model of the blade/dampers system,
is used to provide an insight into the subject of model validation. The pre-
sented experimental and numerical study of the damper is used to highlight
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the relevance of an accurate representation of the constraints induced by fric-
tion contacts and to discuss the adequacy of state-of-the-art contact models.
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1. Introduction
Dry friction damping is used, in the field of turbomachinery, to mitigate
the structural vibrations caused by fluctuating stresses [1, 2]. Under-platform
dampers (UPDs) are small metallic components placed between two consec-
utive blades of a turbine to minimize the blade vibration by dissipating the5
energy at the contact interface. Highly nonlinear behavior of the frictional
contacts makes it challenging for researchers and engineers to precisely model
and predict the response of complete blade/damper system. In this regard,
explicit numerical models of UPDs are used with a multi-harmonic balance
solver to predict their non-linear behavior. A detailed study on the modelling10
of UPDs is presented by several authors [3–10] in which a suitable contact
model is adopted to compute the damper contact forces as a function of given
relative displacement between two contact surfaces. These contact models
must be calibrated. This step is crucial as numerical results are strongly
dependent on the chosen set of contact parameters namely friction coeffi-15
cient and contact stiffness, [10–13]. Therefore, experimental measurements
are necessary:
• to determine the performance of the damper in terms of blade ampli-
tude reduction and frequency shift;
2
• to estimate the contact parameters used to calibrate contact models.20
These two necessities are sometimes fulfilled with the same set of experimen-
tal evidence usually in the form of Frequency Response Functions (FRFs)
[7, 14–16]. Unfortunately, model updating based on contact parameters to
obtain the desired frequency response is not a viable practice, as multiple
combinations of these parameters may produce the same frequency response25
giving an under-determined problem. Another way to obtain contact param-
eters is through the use of single-contact test arrangements[17–19]. A test
rig improved in [20] is capable of measuring friction coefficients and contact
stiffness values of a flat-on-flat contact interface. This test rig has a facility
to control the relative displacement and high temperature of the contacting30
surfaces. However, the applied normal load is constant, which is not consis-
tent with the real working conditions of UPDs. An upgrade first proposed
in 2010 [21] has a single damper constrained between two dummy platforms.
A feedback controlled displacement is provided with the help of piezoelectric
actuator on one of the platform whereas, damper contact forces are measured35
on the other platform by using two load cells. Since then, this test rig has
been used to investigate the kinematics of several dampers [22, 23]. As in
this test rig the blade platform kinematics is imposed by the experimenter,
the effect of damper on the blade dynamics is not present. Therefore, a novel
test bench [24, 25] has been designed by the authors to overcome these lim-40
itations and to investigate the relationship between the damper kinematics
and blade dynamics (a topic of recent interest in the community [10]). This
experimental setup is composed of a single turbine blade with two UPDs and
has a facility to measure the damper contact forces, its relative displacement
3
with respect to the blade and the blade response.45
Data obtained with this experimental setup establish a base to study the
behavior of dampers at their contact level. Moreover, the measured contact
forces offer the unprecedented opportunity to validate directly the Finite El-
ement (FE) model of the blade subjected to nonlinear contact forces. In50
fact, measured contact forces can be applied as external forces on the FE
model of the blade. The resulting numerical FRF can then be compared to
its experimental counterpart. Results of this comparison show that given
combinations of blade mode shape and platform angles lead to very small
contact forces, close to the accuracy of the measuring device. Uncertainty55
in the amplitude and phase of the contact forces could prevent the test rig
from gathering meaningful evidence from the contact forces signal. Further-
more, very small contact forces can lead to a negligible effect of the damper
on the blade dynamics. The purpose of the paper is to develop a procedure
to evaluate the sensitivity of the contact forces to different platform angles.60
Ti this end the idea of implicit stiffness has been introduced. The authors
believe that the proposed approach will provide guidance in the design of
any laboratory set-up and in the estimation the UPD potential in realistic
working conditions.
65
This paper is organized as follows: Sect. 2 gives a brief description of the
test rig used in the experimental campaign; Sect. 3 addresses the numeri-
cal model of the blade while Sect. 4 shows the procedure used to validate
the dynamic model in which the contact forces between under-platform and
4
damper are replaced by their measured counterparts; Sect. 5 presents and70
validates a numerical tool that, for a given blade model, maps the contact
forces as a function of the platform angles; Sect. 6 summarizes the results
and the main achievements of the paper.
2. Experimental Setup
The feature that best distinguishes the present test rig from others found75
in the literature is the direct measurement of the contact forces when the
damper is dynamically coupled with the blade. A top view of the test rig
is shown in Fig.1 which presents a single turbine blade and two dampers in
contact with the under-platform of the blade on one side and with a ground
platform on the other side. Each ground platform, one for each damper, is80
linked to a contact force measuring system. The two ground platform are
referred to as “Even” or “Odd” after the serial number of the load cells in-
stalled on that platform. A component named L-Separator, designed with
two orthogonal limbs, separates the contact forces into two components act-
ing along each limb axes. A piezoelectric load cell is placed at the end of85
each limb to measure the respective force component. A controllable and
measurable pushing force FP is applied on the root of the blade - to simulate
the actual centrifugal force which acts on the blade while the turbine runs,
see also Fig. 2 - through a pushing block. A complete description of the rig
and of its force measuring system is given in [25].90
The contact forces at the blade platform side are inferred from the mea-
sured contact forces at the ground platform side through a simple force equi-
5
librium, depicted in Fig. 2. The damper inertia forces are here neglected, a
perfectly valid assumption at frequencies lower than 5 kHz as demonstrated95
in [26]. Forces are decomposed into their normal (N) and tangential (T)
components, as shown in Fig. 2, or along the blade axial-radial directions
(XYZ reference system). This last reference system is the same used in the
FE model of the blade and will be used throughout the paper. The blade
excitation is provided by means of an electromagnetic shaker. The shaker100
stinger is connected at a point near the blade root (low mobility point) to
excite the structure at a given frequency with the desired excitation level.
Blade
L-Separator
Blade adapter
Blade pushing block
Casing Base Plate
Ground platform
Figure 1: Top view of test rig
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Figure 2: Damper static force equilibrium. Rij are the forces read by load cells LCij.
Contact forces are denoted to as F with N and T normal and tangential components
respectively. Subscript S or B means force on Support or Blade, while E or O denotes
the “Even” or the “Odd” side. Sides are named Even or Odd after the serial number of
the load cells installed on that side. The static load CF, simulating the Centrifugal Force
on dampers, is applied with dead weight.
3. The blade numerical model
The general dynamic equation of any friction-damped system can be writ-
ten as
MQ¨ + CQ˙ + KQ = FE + FC (1)
where M, C and K correspond to mass, damping and stiffness matrices of
the system respectively. In Eq.1, vector Q represents the displacement of all105
degrees of freedoms (DOFs) of the system. Vectors FE and FC correspond
to external and contact forces respectively. In the present case, the external
force FE was applied by using an electromagnetic shaker, whereas FC are
nonlinear forces at the blade platform-damper contact interface. The mass
7
and stiffness matrices of the blade were obtained using a commercial FE110
code. The number of DOFs in a FE model is generally very high, so it could
be very demanding to run dynamic analysis if non linearity due to contact
problems are present. Moreover, commercial codes are not so flexible and
open-source to accept external routines developed by users to solve special
problems or to test new solution methods. For these reasons the mass and115
stiffness matrices of the full FE model were reduced and exported to be used
together with in-house developed codes.
3.1. Craig-Bampton Model Order Reduction
The Craig-Bampton reduction method, also known as CB-CMS, is a com-
monly used technique to reduce the size of a large FE model by acquiring the120
fundamental frequency modes of the structure [27, 28]. In this method, only
a subset of physical DOFs of the full model, corresponding to chosen nodes,
are retained as master DOFs while the remaining DOFs are reduced in a set
of orthogonal modes (slave DOFs). In the blade FE model presented in this
paper and shown in Fig. 3, master nodes include contact nodes at the blade125
platforms and at the root attachment, one blade excitation node where the
shaker is attached and a blade response node where the accelerometer is posi-
tioned. It was here chosen to apply the CB-CMS technique to the free blade
model. Matrices M and K thus become MR and KR,free. The structure will
be constrained to reproduce the clamping of the root, at a subsequent step.130
Section 3.3 gives further details on this matter.
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Acceleration Node
Contact Nodes
Root Nodes
Excitation Node
Figure 3: Finite element model of the blade and selected master nodes for CB-CMS
reduction. Master nodes on one platform and one side of the root are hidden because of
the orientation of the blade.
3.2. Blade Model Updating
The FE model of the blade was updated to match the first two measured
natural frequencies (see response depicted in Fig. 4) in free-free conditions,
i.e. without damper and blade root constraints. The Young modulus was135
chosen as the updating parameter while the density was estimated by mea-
suring the blade weight with a high precision scale and assuming a uniform
distribution of the mass on the 3D model. It was found that with a Young’s
modulus of 210,000 MPa the first two resonances of the free-free blade (5652.7
and 7567.3 Hz) match well with the measured values (5652.5 and 7557.5 Hz).140
3.3. Applying clamp boundary conditions
A very high clamping force FP of 150 kN was applied on the blade. This
high clamping force minimizes the relative displacement between the blade
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Figure 4: Measured FRFs of free-free blade.
root and its slot and thus the resulting damping at the root becomes negli-
gible. The blade clamping was modeled by introducing a 3D spring element
at each node on the blade roots, as shown in Fig.5. The 3D spring element
may connect each selected blade root node either to a corresponding node on
the surrounding structure (if the disk is modeled) or simply to ground (if, as
in this case, the bulkiness and stiffness of the blade adapter allows for this
simplification.)
The use of a 3D spring element (which may be easily upgraded to an actual
contact element capable of slip if deemed necessary) allows modeling the ef-
fect of compliance of the contact interface in all directions. The 3D spring
element needs two calibration parameters: kn and kt, i.e. it is here assumed
that the tangential stiffness in the two uncoupled directions shown in Fig.
5. share the same value kt1 = kt2 = kt. The values of the stiffness were
determined by imposing that the first two measured frequencies fmeas of the
10
clamped-free (i.e. no damper) blade match the simulated ones fsim,f1,meas = f1,sim(kn, kt)f2,meas = f2,sim(kn, kt) (2)
Matrix KR,free from Sect. 3.1, is thus substituted by matrix KR.
The damping contribution of the blade root is not accounted by the springs
(as no microslip is allowed at this stage). The (minor) contribution to damp-145
ing given by the blade root together with the structural (material) damping
of the blade is accounted through matrix CR. The modal damping was esti-
mated using the measured FRFs of the clamped free (i.e. no damper) blade
as a reference. The damping ratios ζ were found to be 0.032 and 0.022 for the
first and the second mode respectively; the resulting experimental-numerical150
comparison is shown in Fig. 6.
Z
Y
kn
kt2kt1
Z
Y X
Contact node
Figure 5: 3D spring compliance introduced to simulate the blade root constraints.
3.3.1. Forced response calculation
This section gives further details on the method used to solve system of
Eq. 1. Harmonic balance is used to compute the steady state solution of
these equations where an applied periodical excitation force of frequency ω
results in the periodical response of the system [29, 30]. If the damper is
not present (i.e. clamped-free blade), then CF = 0, the equilibrium is linear
11
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Figure 6: Comparison between measured and simulated FRFs of the blade after the contact
stiffness and the damping in the numerical model has been updated to an optimal value.
and can be solved, in the frequency domain, as a simple system of algebraic
equations
Q
1
=
(−ω2 ·MR + i ·CR + KR)−1 FE1 (3)
where matrices M and K have been substituted with their CB-CMS reduced
counterpart, later constrained at the root MR and KR and Q
1
and FE
1
represent the first harmonic Fourier components of the displacement and
external force vectors respectively. Equation 3 can be written in a short
form as
Q
1
= D(ω)−1(FE
1
), (4)
whereas D(ω) corresponds to the dynamic stiffness matrix D(ω) = (−ω2MR+
iCR + KR). If, on the other hand, the damper is present, contact forces
FC(Q, Q˙) are non-zero. These forces are due to Coulomb friction nonlinear-
ities and are typically determined as a function of relative displacements at
the contact using a suitable contact model [31]. Given the dependence of
contact forces on displacements, the equations are clearly nonlinear. As a re-
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sult, iterative techniques such as Newton-Raphson or Continuation methods
are applied [32].
In the present paper the theoretical contact forces has been replaced by the
directly measured contact forces. Both measured contact forces and external
forces are transformed in the frequency domain using fast Fourier transform
(FFT), and applied to the clamped-free blade model so that Eq. 4 becomes
Q
1
= D(ω)−1
(
F
1
E,meas + FC,meas
1
)
. (5)
The dependence of contact forces on relative displacements is still present, in
fact different experimental conditions (different ω, different excitation levels
|FE|) yield different measured values of FC. However, no assumption on the155
formulation of this displacement-contact force relation is needed at this stage.
The authors are willingly separating the validation of the blade dynamic
model (results in Sect. 4) from the assessment of the adequacy of the contact
model formulation.
4. Validation of the dynamic model blade with virtual constraints160
The objective of this section is to verify if the forced response computed
using the clamped FE model of the blade, fed with the measured contact
forces values, is capable to replicate the measured FRF. The blade response
was simulated applying the procedure explained in Sect. 3. The steps of the
validation procedure are summarized below and displayed graphically in Fig.165
7.
1. The blade was excited with a sinusoidal force, applied through a shaker,
whose amplitude was set at |FE| = 1 N in all studied cases.
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Figure 7: Algorithm describing the validation of the linear blade dynamic model
2. Contact forces were measured at the ground platforms side of both
dampers, whereas force components applied on the blade were inferred170
through the damper static force equilibrium (Fig. 2).
3. Response of the blade, in terms of inertance, was recorded by an ac-
celerometer located at the tip of the blade.
4. The full FE model of the blade was reduced with the CB-CMS method,
see Sect. 3.1, yielding to the a set of stiffness and mass matrices KR,free175
and MR.
5. A set of contact springs was applied to the root contacts as described
in Sect. 3.3. The reduced order stiffness matrix KR,free thus becomes
KR.
6. The first harmonic of both the excitation and contact forces were mim-180
icked in the numerical environment according to Eq. 5.
14
7. Experimental and simulated inertance were compared.
The uncertainty level of contact force measurements is in the [0.50÷0.75]
N range, and cannot be reduced further due to mechanical tolerances, elec-
tronics, signal/noise ratio and uncertainty involved in the estimation of plat-185
form angles. Details on contact forces calculation and quantification of their
uncertainty can be found in [25]. It will be shown that, depending on the
magnitude of harmonic variation of the contact forces, the uncertainty level
of the forces may hinder the validation procedure.
4.1. Noise effect on measured contact forces190
As a first trail, both dampers were assembled at their nominal position
with respect to blade as shown in Fig. 2. A number of experiments were
performed, under the same nominal experimental conditions, to measure the
contact forces on both sides and the blade response. Figure 8 shows two
examples of simulated responses compared with their measured counterpart.195
A slight variability can be detected in the measured responses despite the
same nominal conditions of the test. This variability is not surprising as
the dampers contact conditions may be different even if the external loads
on blade and dampers are nominally the same [24, 25]. More concerning,
is the poor repeatability (only two examples are reported but this effect is200
present in all the tests performed) and the huge discrepancy with respect to
the measured response which would make the proposed method completely
unreliable. After carefully checking the numerical procedure the authors
concluded that the cause of this disagreement did not reside in the model
itself, rather in the measured contact force signals fed to the model.205
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Figure 8: Comparison between numerical and experimental results of blade response am-
plitude for the same nominal loading conditions CF=26 N and FE=1 N.
To identify the source of errors two simpler experimental configurations
were investigated. In each test setup only one damper at a time was installed
on one side of the blade, as depicted in Fig. 9. The numerical-experimental
comparison of both cases is shown in Fig. 10. Still a large discrepancy210
between the measured FRF and the numerical “prediction” can be observed
in the first case when only the even side damper is active, Fig. 10a. Whereas,
in the case in which the odd side damper is active, numerical results perfectly
match with the experimentally measured amplitude response of the blade,
as shown in Fig. 10b.215
4.2. Unsuccessful numerical-experimental comparison
The contact forces are composed of two parts: the “static” component
that balance the simulated centrifugal force CF on the damper and the “dy-
namic” component (also referred to as “harmonic” component) deriving from
the blade movement. Figure 11 shows the contact forces on the even and odd220
side platforms. In this figure, the contact forces are sketched at two distinct
16
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Figure 9: (a) Even side damper placed at its nominal position to measure contact forces.
(b) Odd side damper placed at its nominal position to measure contact forces
time points during blade movement - denoted by superscript prime and dou-
ble prime - to emphasize the change, in magnitude and inclination, induced
by blade dynamics. By carefully observing the contact forces on the even side
platform, Fig. 11a, it is clear that the variation of force ranges between 1 to 2225
N at the most. The magnitude of the harmonic variation of the force depends
upon the contact angles and the platform kinematics (i.e. experimental set-
up and blade mode shape). The level of uncertainty on the contact force, ≈
0.75 N according to the sensitivity analysis performed in [25], is almost 50%
of the force magnitude. This observation can easily explain the very large230
discrepancies between the numerical and experimental results: the platform
blade has been loaded with a measured force whose measurement accuracy
is of the same order of magnitude as the force itself.
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(b) Damper on the odd side active.
Figure 10: (a) Error sensitivity of blade response amplitude due to even side contact
forces measurement at CF = 26 N. (b) Numerical vs Experimental results comparison for
damper forces measured on Odd side at CF = 26 N
A sensitivity analysis was carried out to further evaluate the effect of235
the contact force measurement accuracy on the blade response. A sinusoidal
perturbation was added to the contact force with a post-processing treatment
of the measured signals. The amplitude of this perturbation was equal to the
maximum level of uncertainty (0.75 N) with a phase shift that ranged from
0 to 15 degrees with respect to the measured contact force. The upper and240
lower bound of the blade response produced by the perturbed contact force
are shown in Fig. 10a. It is evident that even a seemingly small perturbation
of this force can have a significant impact on the blade amplitude response.
4.3. Successful numerical-experimental comparison
The second validation attempt was tested with only the even side damper245
activated, according to the configuration shown in Fig. 9b. The different
contact angles of this configuration and the consequent platform kinematics,
if compared with the results obtained with the activation of only the even
18
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FBE
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(a) Blade even contact
6 N
Blade ODD
contact
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FBO
′
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(b) Blade odd contact
Figure 11: Measured contact force on the blade platform on the even and odd side, FBE
and FBO respectively. The two forces on each side, F
′
B and F
′′
B, are represented at two
distinct time points of the same analysis. The picture emphasizes the variation of the
contact forces caused by the blade movement.
side damper, produces
• higher harmonic variation of the measured contact forces that in this250
case range between 5 and 8 N, as shown in Fig. 11b;
• a stiffening effect, for which the peak in Fig.10b is now sharper and few
Hz higher than that shown in Fig. 10a.
Furthermore, in this case, the uncertainty level guaranteed by the load
cell measurement is adequate and reasonably smaller than the force signals255
themselves. As a result, the validation procedure summarized in Eq. 5 can
be safely applied. Experiment were performed for three levels of load CF
on the damper, namely 26, 46 and 86 N. Comparison between numerical ad
experimental results are shown in Fig. 10a (CF = 26 N) and Fig. 12 (CF
= 46 and 8): numerical results match their experimental counterpart quite260
satisfactorily in all investigated cases.
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(a) Case with centrifugal force CF = 46 N.
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(b) Case with centrifugal force CF = 86 N.
Figure 12: Comparison of numerical and experimental frequency response amplitude for
different loads CF on the damper.
5. Predicting influence of platform angles on the contact forces
magnitude
Section 4 has shown that, depending on the damper position (i.e. the
contact angles), the resulting amplitude of the harmonic component of the265
contact forces may change significantly. Attaining harmonic contact forces
of adequate amplitude on the blade is of paramount importance, both in the
laboratory environment and in real working conditions. An insufficient har-
monic contact force amplitude influences the quality of the measurement in
the lab as shown in Sect. 3, while it may impair the damping and stiffening270
effectiveness of the UPD as demonstrated in [33].
The purpose of this section is to provide the experimenter and blade/damper
designer with a tool to predict the magnitude of the contact forces for differ-
ent sets of platform angles.
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Figure 13: (a) 2D view of a damper between neighboring platforms in full stick condition.
(b) Equivalent implicit stiffness concept.
5.1. The implicit stiffness concept275
As shown in [34], the cylindrical damper analyzed in this paper never
leaves the microslip condition. Therefore a conservative and representative
modeling choice sees the damper in full stick (i.e. linked to the surrounding
platforms by means of simple contact springs), as shown in Fig. 13a.
Since the damper is modeled as a rigid body and the position of the con-280
tact points is known (i.e. determined by the contact angles θL and θR), it
is convenient to substitute the presence of the damper with a set of equiv-
alent springs, here termed implicit stiffness matrix KI and represented in
Fig. 13b. This substitution willingly neglects the mass and inertia contribu-
tion of the damper: this simplification is allowed since, as demonstrated in285
[35], the damper inertial effects become significant only for frequencies >50
kHz. In other words, the implicit stiffness KI takes into account the value
and the position of the contact springs: the entries of matrix KI are linear
combinations of the normal and tangential contact stiffness kn and kt, whose
specific values have been determined according to [34]. The reader can refer290
to Appendix A for the complete derivation of KI.
21
5.2. A step-by-step procedure
This section aims at providing the reader with a series of instructions to
predict the influence of the platform angles on the amplitude of the harmonic
component of the contact forces. This task is of primary importance as it295
has been shown in Sect. 4 that the amplitude of the harmonic component of
the contact forces can impair the .
This procedure can be considered a standard sensitivity analysis. The input
parameter space is composed by the two variables θL and θR which are ex-
plored in the [0− 90]◦ range. The ”input” data of the sensitivity analysis is300
the FE model of the structure of interest. The following procedure, visual-
ized in Fig. 14, is repeated for all possible combinations of variables θL and
θR explored in the range of interest.
3. The user adds the implicit stiffness contribution KI(θL, θR), therefore
matrix KR turns into matrix KR,stick. In the present case the user is305
trying to replicate the test condition from Fig.9, therefore KI is placed
between contact nodes belonging to one of the platforms (either even
or odd side) and the ground1.
1This procedure is taking advantage of two simplifications outlined below.
(a) The ground platform is here not modeled since, as shown in [25], its stiffness is at
least one order of magnitude larger than that of the blade and of the contact kn and
kt.
(b) In principle the blade platform geometry (i.e. inclination) should be updated to
accommodate the different (θL, θR) combinations. However this minor geometrical
change will not affect the subsequent eigenvalue analysis, therefore this step can be
safely neglected.
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4. Perform an eigenvalue analysis on matrices KR,stick and MR and isolate
the mode of interest, here termed φn.310
5. The entries of mode φn corresponding to the platform contact nodes
DOFs represent the platform motion trajectory φn(idC).
6. The normalized platform motion trajectory
φn(idC)
|φn(idC)|
multiplied by the
implicit stiffness matrix KI yields the vector of normalized contact
forces f = (fy, fz)
′.315
The procedure is repeated for all (θL, θR) of interest. The y and z compo-
nents of the target vector f(θL, θR) can then be plotted as a function of the
two variables (θL, θR). The results for a blade-single damper configuration
(similar to those shown in Fig. 9) can be found in Fig. 15. In detail, the
results related to the set-up which sees the damper on the left (even) side of320
the blade can be found in Fig. 15a, those related to the damper on the right
(odd) side in Fig. 15b.
5.3. Results discussion
For each configuration, one point on the (θL, θR) plane corresponds to
the specific blade tested by the authors. This point has been highlighted325
in Fig. 15. The comparison between the even and odd configuration fully
confirms the experimental results discussed in Fig. 11: the response surface
related to the even side configuration has a minimum in the area where the
experimental point lies. It is worth noting that, had this tool been available
to the authors before the start of the experimental campaign, the even side330
configuration would have been immediately discarded, thus saving time and
effort.
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This comparison confirms the goodness of the implicit stiffness prediction
tool. The method can therefore be used to replicate a case of practical
interest, i.e. blades/dampers on a disk. In this case, the cyclic symmetry335
framework can be used to test different engine order excitations [36]: the left
blade platform can be connected to the right one by by KI with a proper
phase shift (i.e. inter-blade phase angle).
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Figure 14: Graphical representation of the algorithm used to predict the normalized con-
tact forces as a function of the blade platform angles.
6. Conclusions
This paper has presented a distinctive analysis procedure to investigate340
the dynamic behavior of the blade with under-platform dampers. The con-
tact forces between the damper-blade contact interfaces were the prime focus
of the study. Experimental data were obtained by using a test rig which of-
fers the unique feature to measure the contact forces between the damper
and the under-platform of the blade. In this test rig, two dampers were in345
contact with the respective platform of the blade. Knowledge of the contact
forces combined with the forced-response of the blade has allowed a deeper
24
080
5f y
 
(N
/
m
)
60 80
10
R (deg)
6040
L (deg)
15
4020 20
0 0
0
1
80
2
f z
 
(N
/
m
)
60 80
3
R (deg)
6040
L (deg)
4
4020 20
0 0
fy-ev<0.1 N/ m
f
z-ev
0.05 N/ m
(a)
0
5
80
10f y
 
(N
)
60 80
15
R (deg)
20
6040
L (deg)
25
4020 20
0 0
0
1
80
2f z
 
(N
)
60 80
3
R (deg)
4
6040
L (deg)
5
4020 20
0 0
f
z-odd 4 N/ m
fy-odd 7 N/ m
(b)
Figure 15: y and z components of the normalized contact force vector f when the damper
is placed on the blade’s (a) even and (b) odd side.
analysis of the dynamic behavior of the complete system. The blade was
modeled with a commercial finite element code. In the next step, the mass
and stiffness matrices of the blade were reduced, with a standard reduction350
order method, and extracted for further analysis to be performed with a in-
house code. The reduced model was constrained to simulate the attachment
between the blade and the slot machined in the turbine blade clamp adapter
on the test rig. The attachment was simulated with contact springs assuming
that no sliding occurs between the mating surfaces. During the experimen-355
tal campaign contact forces at the blade-damper interface were measured
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simultaneously with the forced-responses of the blade. These experimental
evidence were used to verify whether the measured contact forces applied to
the linear model of the blade yielded to a forced-response consistent with
the measured response. The results of the comparison were excellent on one360
damper but unsatisfactory on the other one. To investigate this puzzling
behavior, a sensitivity analysis based on the concept of equivalent implicit
stiffness was performed on both dampers. This analysis showed that the
contact forces evaluated on the damper that exhibited poor matching with
the experimental results, were quite insensitive to the variation of damper365
geometry, namely the right and left contact angles. Moreover, these contact
forces were very low and close to the measurement accuracy of the experi-
mental system so that the determination of the value of these forces was an
ill-conditioned problem. As a consequence, uncertainty in determining the
contact forces value produces a large variation of the predicted force-response370
and then poor agreement with experimental results.
This work presents the validation of a contact models through experi-
mental results under a different point of view. The main outcome is that
when comparing the experimental results with a numerical simulation great
attention must be paid to the source of experimental data. Some damper-375
underplatform configurations give contact forces that can be predicted with
great uncertainty.
As underlined in the paper, in such conditions the computed forced-
response of the blade is inaccurate, even if the measured contact forces are
directly applied - during the simulation - to the contact nodes. The damper-380
underplatform geometry presented in this work is used in several friction
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damping systems, therefore the results presented in this work warning for all
the designers and researches involved in a validation process. The proposed
methodology to predict the amplitude of the contact forces starting from the
platform angles constitutes one of the main contributions of this paper, as385
this methodology can be extended to the case of blades mounted on a disk
in real working conditions.
Appendix A. The implicit stiffness: derivation
With reference to Fig. 13a, let us consider the in-plane2 equilibrium
equations of a damper between a set of platforms with angles θL and θR.
MDQ¨D(t) = FCD(t) + FED (A.1)
where QD = (yD, zD, βD)
′ is the vector of damper displacements, FED =
(0, CF, 0)′ is the vector of external forces and FCD is the vector of contact
forces transported at the damper center of mass. In case of full stick condition
Eq. A.1 can be re-written as:
MDQ¨D(t) + KDQD(t) = KPQP(t) + FED (A.2)
where QP = (yLP , zLP , yRP , zRP )
′ is the vector of platforms displacements(considered
as an external information at this stage), and KD and KP are the contact
stiffness matrices connected to damper and platforms respectively. The con-
2The following derivation holds for in-plane motion for simplicity. However, a 3D
version can be easily implemented.
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tact stiffness matrices can be expressed as:
KD = T
′KlocalT
KP = T
′KlocalR
(A.3)
where matrix Klocal is diagonal and function of the contact stiffness val-
ues Klocal = diag (kt, kn, kt, kn)
3. The reader will notice that the contact
springs are oriented along the normal and tangential directions to each con-
tact interface. For this reason, a local reference system has been defined
for each interface (left and right). T is a transformation matrix of forces
and displacements from the global (damper center of mass) to the local (i.e.
damper contact points) reference system and viceversa. Similarly R is a ro-
tation matrix from global to local reference system, used for the platforms
DOFs. Both matrices are a function of the platform angles θL and θR.
If variation of forces and displacements are considered, Eq. A.2 becomes:
KD∆QD = KP∆QP (A.4)
where the inertial terms can be neglected as demonstrated in [35] and ∆FED =
0 since the centrifugal force is a constant term. The damper displacement
variation ∆QD is expressed as:
∆QD = KD
−1KP∆QP (A.5)
Then the vector of contact forces in global coordinate system at the platform
contact points can be expressed as:
∆F = R′Klocal
(
R−TKD−1KP
) ·∆QP (A.6)
3In case of 3D motion the matrix will become Klocal = diag (kt, kt, kn, kt, kt, kn).
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Where ∆F = (∆FLP,y,∆FLP,z,∆FRP,y,∆FRP,z)
′ is the vector of contact
forces on the two blade platforms. It is then possible to write:
∆F = K∗I∆QP (A.7)
where K∗I has the following structure:
K∗I =
 KI −KI
−KI KI
 =

kyy kyz −kyy −kyz
kyz kzz −kyz −kzz
−kyy −kyz kyy kyz
−kyz −kzz kyz kxz
 (A.8)
The matrix KI is here termed implicit stiffness matrix and can be used to
link a blade to a neighboring structure, be it an adjacent blade (real working390
conditions) or a ground platform (test rig condition).
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